0/

CS-466/566: Math for Al

Module 07: Deep Learning Fundamentals-3

Dr. Mahmoud Mahmoud

The University of Alabama

2026-03-26

The University of Alabama

1/26



0 7

TABLE OF CONTENTS

1.| Neural Networks for Classification/Regression e
2. The Softmax Cross Entropy Loss Function

3. Multi-class network: computational graph

The University of Alabama

2/26



0/

3/26

Neural Networks Definition (a.k.a. Deep Learning)

A deep learning model is a computational graph that try to map inputs, each drawn

from some dataset with common characteristics to outputs drawn from a related
distribution.

It is a graph that has many layers (Simply Nested Functions).

That is why gradient descent is a bit tricky here.
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Regression vs Classification Neural Networks

CLASSIFICATION

Use a sigmoid (or another squashing nonlinearity) on a single output so the
readout behaves like a probability or score — that setup is classification.

REGRESSION

Use a linear readout from the hidden layer, e.g. > ; wiz1 H i, to predict a real

number — that setup is regression.
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Binary Classification

Input Layer Hidden Layer Output Layer

Variable - #1

Variable - #2

Output

Variable - #3

Variable - #4

An example of a Feed-forward Neural Network with one hidden layer ( with 3 neurons )

Binary Classification Neural Network
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(One vs All) Multi-class Classification

Given a classification problem with N possible solutions, a one-vs.-all solution consists
of N separate binary classifiers

hidden

. \ / . _ . apples: yes/no?
DS 4“\ Y.
k\”&"?& . A\ ?"""‘ . bear: yes/no?
. . :‘f: 'ﬂ“@?& . A‘;‘-‘”‘:"‘- . candy: yes/no?
N4 *;av“..{,g 5%
LA \
A/'ﬂiﬁ'.& . 4’%":‘:‘& dog: yes/no?

egg: yes/no?

C% one-vs-all

(sigmoid)

Note. The output vector has to be encoded using one hot encoding
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Training a Neural Network

e | istheloss function.

e Yisthetargetvalue.

o L(Y ,O)istheloss between the
target value and the output.

e \We need to find each oL

k
awij

e Calculus chain ruleis needed to find
the derivatives.
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More Accurate Multi-class Classification

Previously, we used sigmoid with mean squared error (MSE) as loss function

e Pros

= Convex (i.e., steeper gradient as you are away from the correct output)

= Acceptable performance

e Cons
= Qutputs can not be interpreted as probability.

= Does not work with all problem types

In practice, we use Softmax + cross Entropy loss

The University of Alabama
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Softmax Function

e Softmax extends binary logistic regression idea (probability adds up to 1) into a
multi-class world.

e |t helps training converge more quickly than it otherwise would.

Let Z denote the logits (the raw, unnormalized scores output by the network before applying softmax).

1.1 — — 0.224

&1 51

z, 2.2 — e%i  — 0.672 5,

Z = Z2 S; — Z Z; s = S=
0.2 — €7 ——0.091

Zy Sa
-1.7 — — 0.013

Softmax Function
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How it works?

Suppose we have an input vector from the previous layer

[5,3, 2]

One way to transform these values into a vector of probabilities

A better way

0/

( rfBl- \ |- $1+i;+ﬂ‘?3 -‘
Normalize 9 = +$§+$3
\ La, 1) [ ]

r1+To+x3

{ rml-‘\ I- em1+§$;+e$3 -‘
. — e$1+22+e$3
o) 72

e‘l+e2+e”*3

Softmax
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Intuition

normalize(np.array([5,3,2]))
array([0.5, 0.3, 0.2])
softmax(np.array([5,3,2]))

array([0.84, 0.11, 0.04])

Softmax Intuition

e Softmaxis more strongly amplifies the maximum value relative to the other values.

e Softmax is partway between normalizing the values and actually applying the max
function!
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Our Neural Network

some network

Neural Network Architecture

output layer
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Loss Function Diagram View

e The incoming vector X is transformed by the softmax function to produce the vector

of probabilities P.

e The vector of probabilities P is then compared to the vector of actual values Y using
the cross entropy loss function resulting in a scalar loss value.

X1 , » PL ——{ Loss(p1,y1) b 41

X2 > > P2 > LOSS(Pz,J/2) > (o \

\ .
Softmax s Y

-

Xp, > » Pn —{ Loss(pn,yn) P 45
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Cross Entropy

[ 1]
[,
Recall that any loss function will take in a vector of probabilities
[
Ly,

actual values

The cross entropy loss function, for each index i in these vectors, is:

Li==yilog(p) — (1 = yi)log(l — p)

The University of Alabama
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Intuition

e Since D is a probability between 0 and 1.
e Our loss can be defined as follows.

= ify; = 1:Loss=—log(p;)
O ifyl' = O:LOSS:—lOg(l — pl)

The University of Alabama
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Gradient Computation

The real magic happens when we combine this loss with the softmax function

—U1 = yirlog(p) + (1 = y1)log(1l - p1)
|

—El =y ]0g< ex1+eej‘c21+ex3 ) + (1 —y1)10g<1 — : eX1 )

X14eX2+4e*3

Based on this expression, the gradient would seem to be a bit trickier for this loss.
(Proof Is Required)

oL ;
6‘xi

=D =

The University of Alabama
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Proof: ¢ = p—y

eX1 e*1

_El = i log( eX1+e*2+e*3 ) + (1 [ yl) 10g<1 el 4e’3 )

Proof.

1. Split logarithm of fraction for first term

01 = y1 [log(e) — log(e® +e® +e%)] + (1 - y)logl — ]

e*l1+e*2+e*3
2. Simplify log(e™) = x; and rewrite complement fraction

eX2+e*3 ]
eX1+e*2+e*3

—01 = y1x1 — y1 log(e®™ +e*2 +¢e*) + (1 —yl)log[
3. Split logarithm of fraction in last term
—01 =y1x1 — y1 log(e® +e*2 +e*)+ (1 —y1)log(e™ +e®)— (1 —y1)loge™ +e*2 +e%)
4. Combine like terms with log(e® + e + %)
—L1 =yix1 + (1 —y1)log(e® +e*) —log(e™ +e*2 +e*)
5. Take derivative with respect to x;

9% _ al
ox; VU= olheters
6. Recognize softmax probability definition p, = —¢'—
er1+er24e*3
o,

—- = p —y1 (derivative of the log-likelihood ¢ 1)

axl -
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Neural Network As Computational Graph

Two-layer network for multi-class classification (softmax output).

o Architecture: one hidden layer (here with sigmoid activations) and one output layer whose

activations are logits [\ ; applying softmax yields class probabilities P (e.g. dog / cat/
horse, or 3-way softmax in the diagram).

e Task: predict a probability vector over classes — this is multi-class classification, not
binary.

Softmax CrossEntropy

Neural Network As Computational Graph

The University of Alabama
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Neural Network Computational Graph

MatMul

AddBias

Va3

MatMul2

e X isa4x3 matrix (4 samples, 3 features)

o W(l) IS a 3x3 matrix
o B(l) IS a 1x3 vector
J W(z) IS @ 3x3 matrix

o B(z) IS a 1x3 vector

The University of Alabama
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Computational Graph: 8L/8W3(><23)

X3
T Us s Va3 — 1 Mas Ny 3 Ra3 Pa3
MatMul AddBias sigmoid MatMul2 AddBias Softmax CrossEntropy ——— ¢/
(1)
Ws 5
(1) (2) (2)
B 3 W33 B3 Ya3

Compute the gradient of L (cross-entropy loss) with respect to Wf? (backward path:
L «— N «— W ©@; N are logits before softmax).

CHAIN RULE
aR aN L]
L= o -2 o —2 (softmax+ CE upstream gradient dL/0R =P -Y)
0 I/V3 5 OR 43 ON 43 9 W3(73)

oL
1 =Ps3—Y43

dR 43
%) OR43 1
., = 143
N3
3 — = transpose(M)34 - 143
8W3’3

l;l / The University of Alabama ﬂ
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Computational Graph: 8L/8W3(1)

Xa3

/

Us s Vazg 1 Mags Na3 Ra3 Pa3
MatMul AddBias sigmoid MatMul2 AddBias Softmax CrossEntropy —— /¢

1 2 2
B2 W 8% Vs

Compute the gradient of L with respect to W (1) (full backward path through hidden sigmoid:
e N M VU« W),

CHAIN RULE
JL _ JdL 0] aR4,3 0 a1\14,3 0 aM4,3 aVv4,3 8U4,3
8W3(13) 0R 43 IN43 oM 43 Va3 0Us 3 8W3(;)

9R,

.

iy = Las W5

?91\54, = sigmoid(Va3) © (143 — sigmoid(Vy3))
aag;‘z =143

511]14(3” = transpose(X)3 4 - 143
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: . (2)
Computational Graph: 0L/0B 7,

Us 3 Va3 My 3 Na 3 Ra3 Pa3
MatMul AddBias sigmoid MatMul2 AddBias Softmax CrossEntropy

1
W?’(,3) / ’
1 2
1, il

i

Compute the gradient of L with respect to B} (bias added into logits R; broadcast 4 x 3).

CHAIN RULE
oL _ 0L 0R 43
5 = e © a5

= P4s3—-Y.
o 43— Ya3
dR 43
= =143
831,3

Note. © gives 4 x 3 (one row per sample). B(f% is shared across rows — sum across rows (column-wise over the
batch) for 0L/0B ?g
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: . (1)
Computational Graph: 0L/0B ,

Xa3

U, ] Vi M, N, P R. P
MatMul 3 AddBias 43 i sigmoid I 43 I MatMul2 I 43 AddBias “3 I Softmax } 3 } CrossEntropy }_> ¢
w3
1 2 2
31(‘3) Wa(a) 31(,3) a3

Compute the gradient of L with respect to B(f% (biasin V'; broadcast 4 x 3).

CHAIN RULE

oL _ 9L o dR43 IN43 o OM 43 Vi3
8B(1]; dR 43 N3 M43 WVy3 8B(]l;

oL _ 3
R s =Ps3—Ya3

OR ;3

N,y Lys

ON 43
OM 43

=143 - (W3(§))T

Mas _ sigmoid(Va3) © (143 — sigmoid(V43))

Va3

V3

1)
831’3

=143

Note. © gives 4 x 3 (one row per sample). B\") is shared across rows — sum across rows (column-wise over the batch)

for 0L/0B (1% :
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Thank You!
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